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Nonlinear Spinor Fields in Bianchi type-I spacetime reexamined
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The specific behavior of spinor field in curve space-time with the exception of FRW model
almost always gives rise to non-trivial non-diagonal components of the energy-momentum
tensor. This non-triviality of non-diagonal components of the energy-momentum tensor
imposes some severe restrictions either on the spinor field or on the metric functions. In this
paper within the scope of an anisotropic Bianchi type-I Universe we study the role of spinor
field in the evolution of the Universe. It is found that there exist two possibilities. In one
scenario the initially anisotropic Universe evolves into an isotropic one asymptotically, but
in this case the spinor field itself undergoes some severe restrictions. In the second scenario
the isotropization takes places almost at the beginning of the process.
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I. INTRODUCTION
According to the inflationary scenario, it is believed that a scalar field known as inflaton is
responsible for a rapid accelerated expansion of the early Universe [1–3]. For the inflationary
mechanism to work there must exist a weakly coupled scalar field which is initially at a false
vacuum which leads to the inflation until the right vacuum value is obtained. This inflationary
model solves the problem of flatness, isotropy of microwave background radiation and unwanted
relics. Contrary to the prediction of the standard cosmological models, recent observations showed
an accelerated mode of expansion of the present day Universe [4, 5]. Though the existence of an
inflationary scenario is not of much concern, the question of where the scalar field comes from
and why it undergoes such a peculiar phase transition from false to right vacuum still remains
unanswered. This leads cosmologists to reconsider alternative possibilities.
As one of the way out many specialists considered spinor field as an alternative source. Being
related to almost all stable elementary particles such as proton, electron and neutrino, spinor field,
especially Dirac spin-1/2 play a principal role at the microlevel. However, in cosmology, the role
of spinor field was generally considered to be restricted. Only recently, after some remarkable
works by different authors [6–20], showing the important role that spinor fields play on the evo-
lution of the Universe, the situation began to change. This change of attitude is directly related to
some fundamental questions of modern cosmology: (i) problem of initial singularity; (ii) problem
of isotropization and (iii) late time acceleration of the Universe.
(i) Problem of initial singularity: One of the problems of modern cosmology is the presence
of initial singularity, which means the finiteness of time. The main purpose of introducing a
nonlinear term in the spinor field Lagrangian is to study the possibility of the elimination of initial
singularity. In a number of papers [8–12] it was shown that the introduction of spinor field with a
suitable nonlinearity into the system indeed gives rise to singularity-free models of the Universe.
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(ii) problem of isotropization: Although the Universe seems homogenous and isotropic at
present, it does not necessarily mean that it is also suitable for a description of the early stages of
the development of the Universe and there are no observational data guaranteeing the isotropy in
the era prior to the recombination. In fact, there are theoretical arguments that support the existence
of an anisotropic phase that approaches an isotropic one [21] . The observations from Cosmic
Background Explorer’s differential radiometer have detected and measured cosmic microwave
background anisotropies in different angular scales. These anisotropies are supposed to hide in
their fold the entire history of cosmic evolution dating back to the recombination era and are being
considered as indicative of the geometry and the content of the universe. More about cosmic
microwave background anisotropy is expected to be uncovered by the investigations of microwave
anisotropy probe. There is widespread consensus among the cosmologists that cosmic microwave
background anisotropies in small angular scales have the key to the formation of discrete structure.
It was found that the introduction of nonlinear spinor field accelerates the isotropization process
of the initially anisotropic Universe [10, 11, 13].
(iii) late time acceleration of the Universe: Some recent experiments detected an accelerated
mode of expansion of the Universe [4, 5]. Detection and further experimental reconfirmation of
current cosmic acceleration pose to cosmology a fundamental task of identifying and revealing the
cause of such phenomenon. This fact can be reconciled with the theory if one assumes that the
Universe id mostly filled with so-called dark energy. This form of matter (energy) is not observable
in laboratory and it does not interact with electromagnetic radiation. These facts played decisive
role in naming this object. In contrast to dark matter, dark energy is uniformly distributed over the
space, does not intertwine under the influence of gravity in all scales and it has a strong negative
pressure of the order of energy density. Based on these properties, cosmologists have suggested a
number of dark energy models those are able to explain the current accelerated phase of expansion
of the Universe. In this connection a series of papers appeared recently in the literature, where a
spinor field was considered as an alternative model for dark energy [14–16, 18].
It should be noted that most of the works mentioned above were carried out within the scope
of Bianchi type-I cosmological model. Results obtained using a spinor field as a source of
Bianchi type-I cosmological field can be summed up as follows: A suitable choice of spinor field
nonlinearity
(i) accelerates the isotropization process [10, 11, 13];
(ii) gives rise to a singularity-free Universe [10–13];
(iii) generates late time acceleration [14–16, 18, 19].
Given the role that spinor field can play in the evolution of the Universe, question that naturally
pops up is, if the spinor field can redraw the picture of evolution caused by perfect fluid and
dark energy, is it possible to simulate perfect fluid and dark energy by means of a spinor field?
Affirmative answer to this question was given in the a number of papers [22–26]. In those papers
spinor description of matter such as perfect fluid and dark energy was given and the evolution of the
Universe given by different Bianchi models was thoroughly studied. In almost all the papers the
spinor field was considered to be time-dependent functions and its energy-momentum tensor was
given by the diagonal elements only. Some latest study shows that due to the specific connection
with gravitational field the energy-momentum tensor of the spinor field possesses non-trivial non-
diagonal components as well. In this paper we study the role of non-diagonal components of the
energy-momentum tensor of the spinor field in the evolution of the Universe. To our knowledge
such study was never done previously. In section II we give the spinor field Lagrangian in details.
In section III the system of Einstein-Dirac equations is solved for BI metric without engaging the
non-diagonal components of energy-momentum tensor as it was done in previous works of many
authors. In section IV we analyze the role of non-diagonal components of energy-momentum
tensor on the evolution of the Universe.
II. SPINOR FIELD LAGRANGIAN
For a spinor field ψ , the symmetry between ψ and ψ¯ appears to demand that one should choose
the symmetrized Lagrangian [27]. Keeping this in mind we choose the spinor field Lagrangian as
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[10]:
L =
ı
2
[
ψ¯γµ∇µψ −∇µψ¯γµ ψ
]
−mspψ¯ψ −F, (2.1)
where the nonlinear term F describes the self-interaction of a spinor field and can be presented
as some arbitrary functions of invariants generated from the real bilinear forms of a spinor field.
Since ψ and ψ⋆ (complex conjugate of ψ) have four component each, one can construct 4×4= 16
independent bilinear combinations. They are
S = ψ¯ψ (scalar), (2.2a)
P = ıψ¯γ5ψ (pseudoscalar), (2.2b)
vµ = (ψ¯γµ ψ) (vector), (2.2c)
Aµ = (ψ¯γ5γµ ψ) (pseudovector), (2.2d)
T µν = (ψ¯σ µν ψ) (antisymmetric tensor), (2.2e)
where σ µν = (ı/2)[γµγν − γνγµ ]. Invariants, corresponding to the bilinear forms, are
I = S2, (2.3a)
J = P2, (2.3b)
Iv = vµ vµ = (ψ¯γµψ)gµν(ψ¯γν ψ), (2.3c)
IA = Aµ Aµ = (ψ¯γ5γµψ)gµν(ψ¯γ5γνψ), (2.3d)
IT = Tµν T µν = (ψ¯σ µνψ)gµαgνβ (ψ¯σ αβ ψ). (2.3e)
According to the Fierz identity, among the five invariants only I and J are independent as
all others can be expressed by them: Iv = −IA = I + J and IT = I − J. Therefore, we choose
the nonlinear term F to be the function of I and J only, i.e., F = F(I,J), thus claiming that it
describes the nonlinearity in its most general form. Indeed, without losing generality we can
choose F = F(K), with K = {I, J, I+J, I−J}. Here ∇µ is the covariant derivative of spinor field:
∇µψ =
∂ψ
∂xµ −Γµψ, ∇µψ¯ =
∂ψ¯
∂xµ + ψ¯Γµ , (2.4)
with Γµ being the spinor affine connection. In (2.1) γ’s are the Dirac matrices in curve space-time
and obey the following algebra
γµ γν + γν γµ = 2gµν (2.5)
and are connected with the flat space-time Dirac matrices γ¯ in the following way
gµν(x) = eaµ(x)e
b
ν(x)ηab, γµ(x) = eaµ(x)γ¯a, (2.6)
where ηab = diag(1,−1,−1,−1) and eaµ is a set of tetrad 4-vectors. The spinor affine connec-
tion matrices Γµ(x) are uniquely determined up to an additive multiple of the unit matrix by the
equation
∂γν
∂xµ −Γ
ρ
νµ γρ −Γµγν + γνΓµ = 0, (2.7)
with the solution
Γµ =
1
4
γ¯aγν ∂µe(a)ν −
1
4
γργνΓρµν ,
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Varying (2.1) with respect to ψ¯(ψ) one finds the spinor field equations:
ıγµ∇µ ψ −mspψ −2FK(SKI + ıPKJγ5)ψ = 0, (2.9a)
ı∇µψ¯γµ +mspψ¯ +2FKψ¯(SKI + ıPKJγ5) = 0. (2.9b)
Here we denote FK = dF/dK, KI = dK/dI and KJ = dK/dJ.
The energy-momentum tensor of the spinor field is given by
T ρµ =
ı
4
gρν
(
ψ¯γµ ∇νψ + ψ¯γν ∇µψ −∇µ ψ¯γν ψ −∇ν ψ¯γµ ψ
)
−δ ρµ L (2.10)
where L in view of (2.9) can be rewritten as
L =
ı
2
[
ψ¯γµ ∇µψ −∇µ ψ¯γµ ψ
]−mspψ¯ψ −F(K)
=
ı
2
ψ¯ [γµ∇µψ −mspψ]− ı2 [∇µψ¯γ
µ +mspψ¯]ψ −F(K),
= 2FK(IKI + JKJ)−F = 2KFK −F(K). (2.11)
We consider the case when the spinor field depends on t only. In this case for the components
of energy-momentum tensor we find
T 00 = mspS+F(K), (2.12a)
T 11 = T
2
2 = T
3
3 = F(K)−2KFK. (2.12b)
Let us now recall that in the unified nonlinear spinor theory of Heisenberg, the massive term
remains absent, and according to Heisenberg, the particle mass should be obtained as a result
of quantization of spinor prematter [28, 29]. In the nonlinear generalization of classical field
equations, the massive term does not possess the significance that it possesses in the linear one,
as it by no means defines total energy (or mass) of the nonlinear field system. Moreover, it was
established that only a massless spinor field with the Lagrangian (2.1) describes perfect fluid from
phantom to ekpyrotic matter [22–26]. Thus without losing the generality we can consider the
massless spinor field putting m = 0.
Inserting (2.12a) and (2.12b) into the barotropic equation of state
p =W ε, (2.13)
where W is a constant, one finds
2KFK = (1+W)F(K), (2.14)
with the solution
F(K) = λK(1+W )/2, λ = const. (2.15)
Depending on the value of W (2.13) describes perfect fluid from phantom to ekpyrotic matter,
namely
W = 0, (dust), (2.16a)
W = 1/3, (radiation), (2.16b)
W ∈ (1/3, 1), (hard Universe), (2.16c)
W = 1, (stiff matter), (2.16d)
W ∈ (−1/3,−1), (quintessence), (2.16e)
W = −1, (cosmological constant), (2.16f)
W < −1, (phantom matter), (2.16g)
W > 1, (ekpyrotic matter). (2.16h)
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In account of it the spinor field Lagrangian now reads
L =
i
2
[
ψ¯γµ∇µψ −∇µψ¯γµψ
]
−λK(1+W )/2. (2.17)
Thus a massless spinor field with the Lagrangian (2.17) describes perfect fluid from phantom to
ekpyrotic matter. Here the constant of integration λ can be viewed as constant of self-coupling. A
detailed analysis of this study was given in [22–25].
A Chaplygin gas is usually described by a equation of state
p =−A/εγ . (2.18)
Then in case of a massless spinor field for F one finds
FγdF
F1+γ −A =
1
2
dK
K
, (2.19)
with the solution [23–25]
F =
(
A+λK(1+γ)/2
)1/(1+γ)
. (2.20)
The Spinor field Lagrangian in this case takes the form
L =
i
2
[
ψ¯γµ∇µ ψ −∇µ ψ¯γµ ψ
]
−(A+λK(1+γ)/2)1/(1+γ). (2.21)
Finally, it should be noted that a quintessence with a modified equation of state
p =W (ε− εcr), W ∈ (−1, 0), (2.22)
where εcr some critical energy density, the spinor field nonlinearity takes the form
F = λS1+W + W
1+W
εcr. (2.23)
The spinor field Lagrangian in this case reads
L =
i
2
[
ψ¯γµ∇µψ −∇µψ¯γµψ
]
−λK(1+W )/2− W
1+W
εcr. (2.24)
Setting εcr = 0 one gets (2.17). The purpose of introducing the modified EoS was to avoid the
problem of eternal acceleration.
A detailed study of nonlinear spinor field was carried out in [10, 11, 13]. In what follows,
exploiting the equation of states we find the concrete form of F which describes various types of
perfect fluid and dark energy.
III. BIANCHI TYPE-I ANISOTROPIC COSMOLOGICAL MODEL
Let us study the evolution of the Universe filled with spinor field. In doing so we consider the
case when the gravitational field is given by an anisotropic Bianchi type-I cosmological model.
Bianchi type-I (BI) model is the simplest anisotropic cosmological model and gives an excellent
scope to take into account the initial anisotropy of the Universe. Given the importance of BI model
to study the effects of initial anisotropy in the evolution of he Universe, we study this models in
details.
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We consider the BI metric in the form
ds2 = dt2−a21 dx2−a22 dy2−a23 dz2, (3.1)
with a1 a2 and a3 being the functions of time only.
For further purpose we define the volume scale V of the BI metric as
V = abc. (3.2)
The system of Einstein equations in this case reads
a¨2
a2
+
a¨3
a3
+
a˙2
a2
a˙3
a3
= κT 11 , (3.3a)
a¨3
a3
+
a¨1
a1
+
a˙3
a3
a˙1
a1
= κT 22 , (3.3b)
a¨1
a1
+
a¨2
a2
+
a˙1
a1
a˙2
a2
= κT 33 , (3.3c)
a˙1
a1
a˙2
a2
+
a˙2
a2
a˙3
a3
+
a˙3
a3
a˙1
a1
= κT 00 . (3.3d)
Here T νµ is the energy momentum tensor of the spinor field.
Solving the Einstein equation on account of the fact that T 11 = T 22 = T 33 for the metric functions
one finds [10]
ai = DiV 1/3 exp
(
Xi
∫ dt
V
)
,
3
∏
i=1
Di = 1,
3
∑
i=1
Xi = 0, (3.4)
with Di and Xi being the integration constants. Thus we se that the metric functions can be ex-
pressed in terms of V .
Summation of (3.3a), (3.3b), (3.3c) and 3 times (3.3d) leads to the equation for V [10]
¨V =
3κ
2
(T 00 +T
1
1 )V. (3.5)
As we have already found, the components of energy momentum tensor are the function of K. If K
is a function of V , then the Eq. (3.5) possesses exact solution. In order to show that K is a function
of V we go back to the spinor field equations. From (2.9) one dully finds
˙S0−4FKPKJA0 = 0, (3.6a)
˙P0+4FKSKIA0 = 0, (3.6b)
˙A0−4FKSKIP0 +4FKPKJS0 = 0, (3.6c)
where S0 = SV , P0 = PV , A0 = AV with A = ψ¯γ0γ5ψ . Summation of (3.6a), (3.6b) and (3.6c)
leads to
S2 +P2 +A2 =C1/V 2, C1 = const. (3.7)
On the other hand from (3.6a) and (3.6b) one finds
KIS0 ˙S0 +KJP0 ˙P0 = 0. (3.8)
In case of K = I, i.e., KI = 1 and KJ = 0 from (3.8) one finds
K = I = S2 =CI/V 2, CI = const. (3.9)
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For K = J, i.e., KI = 0 and KJ = 1 from (3.8) one finds
K = J = P2 =CJ/V 2, CJ = const. (3.10)
If K = I + J, i.e., KI = 1 and KJ = 1 from (3.8) one finds
K = I + J = S2 +P2 =CI+J/V 2, CI+J = const. (3.11)
and finally, for K = I− J, i.e., KI = 1 and KJ =−1 from (3.8) one finds
K = I− J = S2−P2 =CI−J/V 2, CI−J = const. (3.12)
Thus we see that for the BI spacetime given by (3.1) one finds
K =
V 20
V 2
, V0 = const. (3.13)
In case of (2.17) we have
T 00 = ε = λK(1+W )/2, (3.14a)
T 11 = −p =−W ε =−WλK(1+W )/2. (3.14b)
Eq. (3.5) then takes the form
¨V =
3κ
2
λV 1+W0 (1−W )V−W , (3.15)
with the solution in quadrature
∫ dV√
3κλV 1+W0 V 1−W +C1
= t + t0. (3.16)
Here C1 and t0 are the integration constants.
Let us consider the case when the spinor field is given by the Lagrangian (2.21). In this case
we have
T 00 = ε =
(
A+λK(1+γ)/2
)1/(1+γ)
, (3.17a)
T 11 = −p = A/εγ = A/
(
A+λK(1+γ)/2
)γ/(1+γ)
. (3.17b)
The equation for V now reads
¨V =
3κ
2
[(
AV 1+γ +λV 1+γ0
)1/(1+γ)
+AV 1+γ/
(
AV 1+γ +λV 1+γ0
)γ/(1+γ)]
, (3.18)
with the solution∫ dV√
C1 +3κV
(
AV 1+γ +λV 1+γ0
)1/(1+γ) = t + t0, C1 = const. t0 = const. (3.19)
Inserting γ = 1 we come to the result obtained in [30].
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Finally we consider the case with modified quintessence. Taking into account that
T 00 = λK(1+W )/2 +
W
1+W
εcr, (3.20a)
T 11 = T
2
2 = T
3
3 = −λW K(1+W )/2 +
W
1+W
εcr, (3.20b)
for V in this case we find
¨V =
3κ
2
[
λV 1+W0 (1−W )V−W +2WεcrV/(1+W )
]
, (3.21)
with the solution in quadrature
∫ dV√
3κ
[
λV 1−W0 V 1−W +WεcrV 2/(1+W )
]
+C1
= t + t0. (3.22)
Here C1 and t0 are the integration constants. Comparing (3.22) with those with a negative Λ-term
we see that εcr plays the role of a negative cosmological constant.
Let us also write the components of the spinor field explicitly. Let us note that the spinor affine
coefficients in case of BI metric (3.1) read
Γ0 = 0, Γ1 =
a˙1
2
γ¯1γ¯0, Γ2 =
a˙2
2
γ¯2γ¯0, Γ3 =
a˙3
2
γ¯3γ¯0. (3.23)
Then in view of (2.4) and (3.23) the spinor field equation (2.9a) takes the form
ıγ0
(
ψ˙ + 1
2
˙V
V
ψ
)−mspψ −2FKSKIψ −2ıFKPKJγ5ψ = 0. (3.24)
Further defining φ =√V ψ from (3.24) one finds
ıγ0 ˙φ −mspφ −2FKSKIφ −2ıFKPKJγ5φ = 0. (3.25)
For simplicity, we consider the case when K = I. As we have already mentioned, ψ is a function
of t only. We consider the 4-component spinor field given by
ψ =


ψ1
ψ2
ψ3
ψ4

 . (3.26)
Taking into account that φi =
√
Vψi and defining D = 2SFKKI = 2SFK and inserting (3.26) into(3.25) in this case we find
˙φ1 + ıDφ1 = 0, (3.27a)
˙φ2 + ıDφ2 = 0, (3.27b)
˙φ3− ıDφ3 = 0, (3.27c)
˙φ4− ıDφ4 = 0, . (3.27d)
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Here we also consider the massless spinor field setting msp = 0. The foregoing system of equations
can be easily solved. Finally for the spinor field we obtain
ψ1(t) = (C1/
√
V )exp
(
−i
∫
Ddt
)
, (3.28a)
ψ2(t) = (C2/
√
V )exp
(
−i
∫
Ddt
)
, (3.28b)
ψ3(t) = (C3/
√
V )exp
(
i
∫
Ddt
)
, (3.28c)
ψ4(t) = (C4/
√
V )exp
(
i
∫
Ddt
)
, (3.28d)
with C1,C2,C3,C4 being the integration constants and related to V0 as
C∗1C1 +C∗2C2−C∗3C3−C∗4C4 =V0.
Thus we see that both the components of the spinor field as well as the metric functions are the
functions of V . It can be shown that other physical quantities such as charge, spin current, spin and
the invariants of space-time are also the explicit function of V . It was shown in previous papers
that at any space-time point where V = 0 there occurs a space-time singularity [10]. But in all
other cases (V is the volume scale, hence should be essentially non-negative), there exists unique
solutions (for the concrete values of problem parameters) to the equations for V , i.e., (3.15), (3.18),
and (3.21), respectively [cf Appendix B].
In what follows we will study the obtained results within the scope of some recent findings,
namely the fact that the spinor field possesses noz-trivial non-diagonal components of the energy-
momentum tensor.
IV. WHAT’S WRONG?
In first view everything looks good and the papers written till the date on this subject seems
correct. But there is still something to be worried about. In what follows, we speak about the new
findings on this field.
It should be remembered that the spinor field is more sensitive to the gravitational one. It is due
to specific spinor connection in curve space-time. So, let us first write the spin affine connection
explicitly. For BI metric it looks:
Γ0 = 0, Γi =
a˙i
2
γ¯ iγ¯0, (4.1)
Taking it into account from (2.10) it can be easily verified that the energy-momentum tensor of the
spinor field possesses non-trivial non-diagonal components as well [cf. Appendix A].
T 00 = mspS+F(K)≡ F(K), (4.2a)
T 11 = T
2
2 = T
3
3 = 2KFK −F(K), (4.2b)
T 12 =
ı
4
a2
a1
(
a˙1
a1
− a˙2
a2
)
ψ¯γ¯1γ¯2γ¯0ψ, (4.2c)
T 13 =
ı
4
a3
a1
(
a˙3
a3
− a˙1
a1
)
ψ¯γ¯3γ¯1γ¯0ψ, (4.2d)
T 23 =
ı
4
a3
a2
(
a˙2
a2
− a˙3
a3
)
ψ¯γ¯2γ¯3γ¯0ψ. (4.2e)
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So the complete set of Einstein equation for BI metric should be
a¨2
a2
+
a¨3
a3
+
a˙2
a2
a˙3
a3
= κ(2KFK −F(K)), (4.3a)
a¨3
a3
+
a¨1
a1
+
a˙3
a3
a˙1
a1
= κ(2KFK −F(K)), (4.3b)
a¨1
a1
+
a¨2
a2
+
a˙1
a1
a˙2
a2
= κ(2KFK −F(K)), (4.3c)
a˙1
a1
a˙2
a2
+
a˙2
a2
a˙3
a3
+
a˙3
a3
a˙1
a1
= κ(mspS+F(K))≡ κF(K), (4.3d)
0 = ı
4
a2
a1
(
a˙1
a1
− a˙2
a2
)
ψ¯γ¯1γ¯2γ¯0ψ, (4.3e)
0 = ı
4
a3
a1
(
a˙3
a3
− a˙1
a1
)
ψ¯γ¯3γ¯1γ¯0ψ, (4.3f)
0 = ı
4
a3
a2
(
a˙2
a2
− a˙3
a3
)
ψ¯γ¯2γ¯3γ¯0ψ. (4.3g)
In (4.3d) we set the spinor mass msp = 0. The equations (4.3e), (4.3f) and (4.3g) impose some
severe restrictions either on the spinor field, or on the metric functions, or on both of them.
If the restrictions are imposed on the spinor field, we obtain
ψ¯ γ¯1γ¯2γ¯0ψ = ψ¯ γ¯3γ¯1γ¯0ψ = ψ¯γ¯2γ¯3γ¯0ψ = 0. (4.4)
In this case the expressions obtained for the metric functions in the earlier papers remain unaf-
fected. But the components of the spinor field will undergo some changes. It should be verified
that in this case the integration constants in (3.28) should obey
C∗1C1−C∗2C2−C∗3C3 +C∗4C4 = 0, (4.5a)
C∗1C2−C∗2C1 +C∗3C4−C∗4C3 = 0, (4.5b)
C∗1C2 +C∗2C1 +C∗3C4 +C∗4C3 = 0, (4.5c)
C∗1C1 +C∗2C2−C∗3C3−C∗4C4 = V0, (4.5d)
which gives
C∗1C2 +C∗3C4 = C∗2C1 +C∗4C3 = 0, (4.6a)
C∗1C1−C∗3C3 = C∗2C2−C∗4C4 =
V0
2
. (4.6b)
In the cases considered above for volume scale we obtained the expressions given by
(3.16),(3.19) and (3.22), for the Universe filled with quintessence, Chaplygin gas and quintessence
with modified equation of state, respectively. The Universe in these cases is initially anisotropic
which evolves into an isotropic one asymptotically [25, 26].
The other possibility is to keep the components of the spinor field unaltered. In this case from
(4.3e), (4.3f) and (4.3g) for the metric functions one immediately finds:
a˙1
a1
=
a˙2
a2
=
a˙3
a3
≡ a˙
a
. (4.7)
Taking into account that
a¨i
ai
=
d
dt
( a˙i
ai
)
+
( a˙i
ai
)2
=
d
dt
( a˙
a
)
+
( a˙
a
)2
=
a¨
a
,
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the system (4.3) can be written as a system of two equations:
2 a¨
a
+
a˙2
a2
= κT 11 , (4.8a)
3 a˙
2
a2
= κT 00 . (4.8b)
In order to find the solution that satisfies both (4.8a) and (4.8b) we rewrite (4.8a) in view of
(4.8b) in the following form:
a¨ =
κ
6
(
3T 11 −T 00
)
a. (4.9)
Thus in account of non-diagonal components of the spinor field, we though begin with Bianchi
type-I space time, in reality solving the Einstein field equations for FRW model. Before solving
the equation (4.9), let us go back to (3.4). Taking into account that
a˙i
ai
=
˙V
3V +
Xi
V
, (4.10)
in view of (4.7) we find that
X1 = X2 = X3 = 0. (4.11)
The triviality of the integration constant Xi follows from the fact that X1 +X2 +X3 = 0. Thus the
solution (3.4) should be written as
ai = DiV 1/3 = Dia,
3
∏
i=1
Di = 1, (4.12)
which means it represents a tiny sector of the general solutions (3.4) which one obtains for the BI
model in case of isotropic distribution of matter with trivial non-diagonal components of energy-
momentum tensor, e.g., when the Universe is filled with perfect fluid, dark energy etc.
Let us now define a = V 1/3 for different cases. In doing so we recall that K in this case takes
the form
K =
a60
a6
, a0 = const.. (4.13)
Then then equation for a in case of the spinor field given by (2.17) takes the form
a¨ =−κλ6 (1+3W)a
3(1+W )
0 a
−(2+3W ), (4.14)
with the solution is quadrature
∫ da√
(κλ/3)a3(1+W )0 a−(1+3W )+E1
= t, (4.15)
with E1 being integration constant.
As far as Chaplygin scenario is concerned in this case we have
a¨ =−κ6
2Aa3(1+γ)−λa3(1+γ)0
a2
(
Aa3(1+γ)−λa3(1+γ)0
)γ/(1+γ) . (4.16)
This equation can be solved numerically.
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Finally we consider the case with modified quintessence. Inserting (3.20a) and (3.20b) into
(4.9) in this case we find
a¨ =−κ6
[
(3W +1)λa3(1+W )0 a−(3W+2)−
2W
1+W
εcra
]
, (4.17)
with he solution∫ da√
(κ/3)
[
λa3(1+W )0 a−(3W+1)+[W/(1+W )]εcra2 +E2
] = t, E2 = const. (4.18)
It can be shown that in case of modified quintessence the pressure is sign alternating. As a result
we have a cyclic mode of evolution.
In what follows we illustrate the evolution of the Universe filled with quintessence, Chaplygin
gas and quintessence with modified equation of state for two different cases: when the restric-
tions are imposed on the spinor field and when the metric functions were restricted. In Figures
1, 2 and 3 we illustrated the evolution of the Universe filled with quintessence, Chaplygin gas
and quintessence with modified equation of state, respectively. The solid (red) line stands for the
volume scale, when the restrictions due to non-zero non-diagonal components of the energy mo-
mentum tensor of the spinor field, were imposed on the components of the spinor field. In this case
the isotropization takes place asymptotically. The blue line shows the evolution of the Universe
when due to the non-zero non-diagonal components of the energy momentum tensor of the spinor
field leads to the immediate isotropization of the Universe. Here we plot the volume scale as a3,
which a being the average scale factor.
FIG. 1: Evolution of the Universe filled with quintessence. The solid (red) line stands for volume scale V ,
while the dash-dot (blue) line stands for a3.
.
As one sees, in case of early isotropization the Universe grows rapidly.
V. CONCLUSION
Within the scope of Bianchi type-I space time we study the role of spinor field on the evolu-
tion of the Universe. It is shown that even in case of space independent of the spinor field it still
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FIG. 2: Evolution of the Universe filled with Chaplygin gas. The solid (red) line stands for volume scale V ,
while the dash-dot (blue) line stands for a3.
.
FIG. 3: Evolution of the Universe filled with quintessence with modified equation of state. The solid (red)
line stands for volume scale V , while the dash-dot (blue) line stands for a3.
.
possesses non-zero non-diagonal components of energy-momentum tensor thanks to its specific
relation with gravitational field. This fact plays vital role on the evolution of the Universe. There
might be two different scenarios. In one case only the components of the spinor field are affected
leaving the space-time initially anisotropic that evolves into an isotropic one asymptotically. Ac-
cording to the second scenario, the space-time becomes isotropic right from the beginning,i.e.,
a1 ∼ a2 ∼ a3, (5.1)
and can be completely described by the Einstein field equations for FRW metric. As numerical
analysis shows, in case of early isotropization the Universe expands rather rapidly. There might
be another possibility when the non-diagonal components of energy-momentum tensor influence
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both the spinor field and metric functions simultaneously. Finally, it should be emphasized that
the spinor field Lagrangian (2.1) can be used to simulate a time varying EoS parameter and DP
as well. Models with time varying EoS parameter and DP have been extensively studied in recent
time [31–34]. We plan to study all these possibilities within the scope of different Bianchi models
in our forthcoming papers.
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VI. APPENDIX A
Since the energy-momentum tensor of the spinor field is not widely discussed in literature, we
consider it here in details. The energy-momentum tensor of the spinor field is given by (2.10). Let
us rewrite the expression once again
T ρµ =
ı
4
gρν
(
ψ¯γµ ∇νψ + ψ¯γν ∇µψ −∇µ ψ¯γν ψ −∇ν ψ¯γµ ψ
)
−δ ρµ L (A.1)
In view of (2.4), i.e.,
∇µψ =
∂ψ
∂xµ −Γµψ, ∇µψ¯ =
∂ψ¯
∂xµ + ψ¯Γµ , (A.2)
(A.1) can be rewritten as
T ρµ =
ı
4
gρν
(
ψ¯γµ ∂νψ + ψ¯γν∂µψ −∂µψ¯γνψ −∂ν ψ¯γµψ
)
− ı
4
gρν ψ¯
(
γµ Γν +Γν γµ + γνΓµ +Γµ γν
)
ψ −δ ρµ L, (A.3)
=
ı
4
gρν ¯Tνµ − ı4g
ρν
˜Tνµ −δ ρµ L.
Now for BI metric we have
Γ0 = 0, Γ1 =
a˙1
2
γ¯1γ¯0, Γ2 =
a˙2
2
γ¯2γ¯0, Γ3 =
a˙3
2
γ¯3γ¯0, (A.4)
Tetrads are connected to the metric functions as
gµν = e
(a)
µ e
(b)
ν ηab, (A.5)
with ηab = diag [1,−1,−1,−1] or ηab = diag [−1, 1, 1, 1]. Dirac matrices in flat space-time γ¯a
are connected to those of in curved space-time as follows:
γµ = e(a)µ γ¯a. (A.6)
Beside these γµ and γ¯ satisfy the following relations:
γµγν + γν γµ = 2gµν , (A.7)
γ¯aγ¯b + γ¯bγ¯a = 2ηab. (A.8)
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We use gµν or gµν to lower to raise the indices of γ matrices, and ηab or ηab to lower to raise the
indices of γ¯ matrices:
γµ = gµνγν , γµ = gµνγν , (A.9)
γ¯a = ηabγ¯b, γ¯a = ηabγ¯b. (A.10)
In view of (A.5) we choose the tetrad as follows:
e
(0)
0 = 1, e
(1)
1 = a1, e
(2)
2 = a2, e
(3)
3 = a3. (A.11)
From (A.6) one now finds
γ0 = γ¯0, γ1 = a1γ¯1, γ2 = a2γ¯2, γ3 = a3γ¯3. (A.12)
Taking into account that in our case
γ¯0 = γ¯0, γ¯1 =−γ¯1, γ¯2 =−γ¯2, γ¯3 =−γ¯3,
one also finds
γ0 = γ¯0, γ1 = 1
a1
γ¯1, γ2 = 1
a2
γ¯2, γ3 = 1
a3
γ¯3. (A.13)
Finally, taking into account that γ¯ iγ¯ iγ¯ j + γ¯ iγ¯ j γ¯ i = 0 and γ¯ iγ¯ j γ¯k + γ¯ j γ¯kγ¯ i = 2γ¯ iγ¯ j γ¯k, for i 6= j 6=
k = 0, 1, 2, 3 one finds
γ0Γ0 +Γ0γ0 = 0,
γ1Γ1 +Γ1γ1 = 0,
γ2Γ2 +Γ2γ2 = 0,
γ3Γ3 +Γ3γ3 = 0,
γ1Γ2 +Γ2γ1 = −a1a˙2γ¯1γ¯2γ¯0,
γ2Γ1 +Γ2γ1 = a2a˙1γ¯1γ¯2γ¯0,
γ1Γ3 +Γ3γ1 = a1a˙3γ¯3γ¯1γ¯0,
γ3Γ1 +Γ1γ3 = −a3a˙1γ¯3γ¯1γ¯0,
γ2Γ3 +Γ3γ2 = −a2a˙3γ¯2γ¯3γ¯0,
γ3Γ2 +Γ2γ3 = a3a˙2γ¯2γ¯3γ¯0,
γ0Γ1 +Γ1γ0 = 0,
γ0Γ2 +Γ2γ0 = 0,
γ0Γ3 +Γ3γ0 = 0.
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Hence we get
˜T00 = 2ψ¯
(
γ0Γ0 +Γ0γ0
)
ψ = 0, (A.14a)
˜T11 = 2ψ¯
(
γ1Γ1 +Γ1γ1
)
ψ = 0, (A.14b)
˜T22 = 2ψ¯
(
γ2Γ2 +Γ2γ2
)
ψ = 0, (A.14c)
˜T33 = 2ψ¯
(
γ3Γ3 +Γ3γ3
)
ψ = 0, (A.14d)
˜T03 = ψ¯
(
γ0Γ3 +Γ3γ0 + γ3Γ0 +Γ0γ3
)
ψ = 0, (A.14e)
˜T01 = ψ¯
(
γ0Γ1 +Γ1γ0 + γ1Γ0 +Γ0γ1
)
ψ = 0, (A.14f)
˜T02 = ψ¯
(
γ0Γ2 +Γ2γ0 + γ2Γ0 +Γ0γ2
)
ψ = 0, (A.14g)
˜T12 = ψ¯
(
γ1Γ2 +Γ2γ1 + γ2Γ1 +Γ1γ2
)
ψ = a1a2
( a˙1
a1
− a˙2
a2
)
ψ¯ γ¯1γ¯2γ¯0ψ, (A.14h)
˜T23 = ψ¯
(
γ3Γ2 +Γ2γ3 + γ2Γ3 +Γ3γ2
)
ψ = a2a3
( a˙2
a2
− a˙3
a3
)
ψ¯ γ¯2γ¯3γ¯0ψ, (A.14i)
˜T31 = ψ¯
(
γ1Γ3 +Γ3γ1 + γ3Γ1 +Γ1γ3
)
ψ = a3a1
( a˙3
a3
− a˙1
a1
)
ψ¯ γ¯3γ¯1γ¯0ψ. (A.14j)
Let us now calculate ¯Tνµ =
(
ψ¯γµ∂ν ψ + ψ¯γν∂µψ−∂µ ψ¯γνψ−∂ν ψ¯γµψ
)
. Since ψ is a function
of t only, i.e. ψψ(t) we immediately get ¯T11 = ¯T22 = ¯T33 = ¯T12 = ¯T23 = ¯T31 = 0. Whereas for the
remaining components we obtain
¯T00 = 2
(
ψ¯γ0ψ˙ − ˙ψ¯γ0ψ
)
,
¯T01 =
(
ψ¯γ1ψ˙ − ˙ψ¯γ1ψ
)
,
¯T02 =
(
ψ¯γ2ψ˙ − ˙ψ¯γ2ψ
)
,
¯T03 =
(
ψ¯γ3ψ˙ − ˙ψ¯γ3ψ
)
,
To estimate the foregoing quantities let us go back to the spinor field equations (2.9), which we
rewrite as
ıγ0ψ˙ + ı
2
˙V
V
γ0ψ −mspψ −2FK(SKI + ıPKJγ5)ψ = 0, (A.15a)
ı ˙ψ¯γ0 + ı
2
˙V
V
ψ¯γ0 +mspψ¯ +2FKψ¯(SKI + ıPKJγ5) = 0, (A.15b)
where V = a1a2a3. Multiplying (A.15a) by ψ¯γ0 from the left and (A.15b) by γ0ψ from the right
and subtracting the second equation from the first we obtain
ı
(
ψ¯γ0ψ˙ − ˙ψ¯γ0ψ
)
= 2mspS+4FK(IKI + JKJ) = 2mspS+4KFK. (A.16)
Multiplying (A.15a) by ψ¯γ jγ0 from the left and (A.15b) by γ0γ jψ from the right, where j = 1,2,3
and subtracting the second equation from the first we obtain
ı
(
ψ¯γ1ψ˙ − ˙ψ¯γ1ψ
)
=
(
msp +2FKSKI
)
ψ¯(γ1γ0 + γ0γ1)ψ +2ıPKJψ¯(γ1γ0γ5 + γ5γ0γ1)ψ = 0,
ı
(
ψ¯γ2ψ˙ − ˙ψ¯γ2ψ
)
=
(
msp +2FKSKI
)
ψ¯(γ2γ0 + γ0γ2)ψ +2ıPKJψ¯(γ2γ0γ5 + γ5γ0γ2)ψ = 0,
ı
(
ψ¯γ3ψ˙ − ˙ψ¯γ3ψ
)
=
(
msp +2FKSKI
)
ψ¯(γ3γ0 + γ0γ3)ψ +2ıPKJψ¯(γ3γ0γ5 + γ5γ0γ3)ψ = 0.
Hence we get
¯T00 =−ı(4mspS+8KFK), ¯T01 = 0, ¯T02 = 0, ¯T03 = 0.
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Taking into account that L = 2KFK −F(K) from (A.3) we find the following expressions for the
components of the energy momentum tensor:
T 00 =
ı
4
g00 ¯T00−L = mspS+F(K), (A.18a)
T 11 = −L = F(K)−2KFK, (A.18b)
T 22 = −L = F(K)−2KFK, (A.18c)
T 33 = −L = F(K)−2KFK, (A.18d)
T 03 = 0, (A.18e)
T 01 = 0, (A.18f)
T 02 = 0, (A.18g)
T 12 = −
ı
4
g11T12 =− ı4
a2
a1
( a˙1
a1
− a˙2
a2
)
ψ¯γ¯1γ¯2γ¯0ψ, (A.18h)
T 23 = −
ı
4
g22T23 =− ı4
a3
a2
( a˙2
a2
− a˙3
a3
)
ψ¯γ¯2γ¯3γ¯0ψ, (A.18i)
T 13 = −
ı
4
g11T13 =− ı4
a3
a1
( a˙3
a3
− a˙1
a1
)
ψ¯γ¯3γ¯1γ¯0ψ. (A.18j)
VII. APPENDIX B
As it was shown earlier, the metric functions, components of the spinor field, as well as other
physical quantities such as charge, spin current, spin, invariants of BI space-time explicitly depend
on V . Moreover, these quantities becomes zero at any space-time point where V = 0, thus giving
rise to a space-time singularity. So it is important to study the equation for V i.e., (3.15), (3.18),
and (3.21) in details.
Let us prove the existence and uniqueness of the solution to the equations for V . Since V is
the volume scale, it is essentially non-negative. Taking into account that V = 0 gives rise to a
space-time singularity, we consider the case when V is positive. Note that we are modeling an
expanding or cyclic Universe and we can choose the problem parameters in such a way that the
equations for V i.e., (3.15), (3.18), and (3.21) allows only positive V . For simplicity we consider
the case with quintessence (3.15) and rewrite it in the form
¨V = AV−W . (B.1)
We show it using Lipshitz condition. The equation (B.1) we rewrite in the form
˙f = AV−W , (B.2a)
˙V = f , (B.2b)
or equivalently, ( f
V
)·
= F
(
V
f
)
=
(
AV−W
f
)
. (B.3)
According to Lipshitz condition there should exist a constant M such that∣∣∣∣F
(
V1
f1
)
−F
(
V2
f2
)∣∣∣∣< M
∣∣∣∣
(
V1
f1
)
−
(
V2
f2
)∣∣∣∣. (B.4)
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Using the mean value theorem we find∣∣∣∣F
(
V1
f1
)
−F
(
V2
f2
)∣∣∣∣ =
√(
AV−W1 −AV−W2
)2
+
( f1− f2)2
=
√
A2
(
V1−V2
)2(−WV−W−1∗ )2 +( f1− f2)2, (B.5)
where V∗ is some value of V in between V1 and V2. Inserting (B.5) into (B.4) we find
A2
(
V1−V2
)2(−WV−W−1∗ )2 +( f1− f2)2 < M2
[(
V1−V2
)2−( f1− f2)2
]
, (B.6)
from which follows
A2
(
V1−V2
)2(−WV−W−1∗ )2 < M2
[(
V1−V2
)2− (M2−1)( f1− f2)2
]
. (B.7)
For the (B.7) holds, it is sufficient for |M|> 1 the following relation:
A2
(
V1−V2
)2(−WV−W−1∗ )2 < M2(V1−V2)2, (B.8)
which leads to
A2
(−WV−W−1∗ )2 < M2. (B.9)
Hence we conclude that it is sufficient to take
|M|> maxV∗ |AWV
−W−1
∗ |. (B.10)
Such a M exists in the interval [ε, R], where 0 < ε < R. Hence we conclude that there exists the
unique solution to the equation (B.1).
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